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^ . Abstract 

Q \ We show that there is no complex structure in a neighborhood of the 

(-H ■ space of orthogonal almost complex structures on the sphere S"^", n > 1. The 

. method is to study the first Chern class of vetcor bundle T^^'^^ S'^'^ . 



o 



In [4], we showed that the orthogonal twistor space J{S'^'^) of the sphere S*^" 
is a Kaehler manifold and an orthogonal almost complex structure Jf on S"^" is 
^ ■ integrable if and only if the corresponding section /: S"^^ — )■ J'{S'^"') is holomorphic. 

Q ■ These shows there is no orthogonal complex structure on the sphere S"^" for n > 1. 

We can show that the first Chern class of the vector bundle T^^^''^^J'{S^"') can 
be represented by the Kaehler form of J{S'^^) with a constant as coeifficient. Thus 
O ■ Ci(T(i'0)^2n) _ /*ci(T^(i'0)y(52n)^ ^ i/2(^2n) jg nou-zcro if the map /: ^S^" ^ 

J'{S^"') is holomorphic. In following we show that there is no complex structure in 
a neighborhood of the twistor space J7'(>S'^"), the method is to study Ci{T^^'^^ S"^^) . 

■ Let ( , ) be the canonical Riemanian metric on the sphere S*^" and Jf be an 

?H ■ almost complex structure. 

ds}iX,Y) = {X,Y)f = ^{X,Y) + ^{JfX,JfY), X,Ye TS''^ ® C 

defines a Hermitian metric on TS"^" ® C. Let ei, ■ ■ ■ , e2n be local ( , )-orthonormal 
frame fields on S*^", a;^, ■ ■ ■ , a;^" be their dual. The almost complex structure Jf can 
be represented hj Jf = J2 (iiJijOJ^ , Jfi.^) = (iiJijU^ {X), the Hermitian metric 
can be represented by 

dsj = i ^ {6ij + JkiJkj)^' ® u^. 
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Remark Let (Pij) be the positive definite symmetric matrix such that {Pij)"^ = 
+ J2 JkiJkj)- The tensor field P = (^iPij^'' is well defined. For any ( , )/- 
orthogonal almost complex structure Ji and X, F e TS"^", we have 

{PX,PY) = {X,Y)f, 

{PJiP-'^X,PJiP-^Y) = {JiP-^X,JiP-^Y)f = {X,Y). 

These shows the almost complex structure PJiP~^ preserves the metric ( , ). 

By the proof of Theorem 2.4 in [4], there are local ( , )-orthonormal frame fields 
ei, 62, • • • , e2n and their dual a)^, • • • , a)^" such that 



Set e2i-i = ^(e2i-i + 62^), 621 = ^(-e2i_i + 62^), we have 



2n 



Then we have P = l^k^k^'', where 

k=l 



1 , ,1 



2 / n / r\ 2 



Set efe = ^gfe, we have J/(e2i-i) = 62^, (PJ/P~^) (e2i-i) = 62^. □ 

Let V'^ be the Riemannian connection of the metric ( , )/ and ci, ■ ■ ■ , e2n be J/- 
frame fields, (cj, e^) / = 5ij, J/e2i_i = 621, • • • , o;^** be their dual, JjuJ^"^'^ — — a;^*. 
Let 

V^(ei, ■ ■ ■ , e2n-l, 62, • • • , e2n)* = ^^(61, ■ ■ ■ , e2n-l, 62, • • • , e2n)*, 

where a; = ^ ^ ^ ^ be the connection matrix, Q = da; — a; A a; the curvature 

matrix. S + C = v4 — D = OifJ/is integrable and V-^ a Kaehler connection. 

Lemma 1 J/ is a complex structure if and only if Jf{B + C) = A — D. 

Proof Let Zi — e2i-i — ^f^-ie2i, 'Z'l = e2i-i + ^/^e2i be the (1,0) and (0, 1) 
frame fields on 5^", i — 1, • • • , n. Then we have 

( = ^ ^ -V^I \ ( e2i-i \ 



1 / / -v^/ \( A B\( I I \( ZA 

2 V / )\C D )[ y/^I -V^I )[Z-J 

l(A + D + ^/^iB -C) A-D- V^{B + C) \ ( Z, 
2[A-D + ^/^{B + C) A + D- ^/^{B - C) [ Zj 
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The vector bundle T^^'^^S"^" is generated by Zi, ■ ■ ■ , As shown in [1], [4], the 
almost complex structure Jf is integrable if and only if V;^F G r(T*^^'°^iS^") for any 
X,Y e r(r(i'0)5'2"). Then Jf is integrable if and only if A - i:» - v^{B + C) are 
formed by (0, 1) -forms, that is 

Jf(B + C) = A-D. □ 
Lemma 2 The first Chern class of T^^'^^^^n 

can be represented by 

^^^y(i,o)^2n) = _ J_tr(Q Jo + a; A a; Jo), 
47r 

where -^o = ^ j ^ ^ ■ 

Proof With notations used above, the induced connection V-^ on T'(i.o)5'2n 

where ipf = {^2i-i + ^If + v^-Tl^ii^-i ~ ^2i^'^)) ^he curvature forms = 
dV'i' - E i^i ^i'j, i^i + i^k = + = 0- The first Chern class of the vector 

bundle T'^^'^^S'^" can be represented by 

271 

By E ^/'i = - E A = and E da;|_i = |tr(dt^Jo) = itr(f]Jo + a; AcuJo), 
we have 

Ci(T(^'°)S'2") = --ltr(fiJo + uA uJo). □ 
47r 

As [4], let J'(5'^") be the twistor space on S'^^, its sections are the almost complex 
structures on S^''\ 

Theorem 3 When n > 1, there is no complex structure in a neighborhood of 

the space J{S'^''). 

Proof By 

7 T_M-^ B + C \ J ,(-B-CA-D\ 

we sec that the equation Jf{B + C) = A — D is equivalent to Jf{u) + JqLuJq) — 
Jo{u + JqujJq). Then, if Jf is integrable, we have 

tr(c<; A a; Jq) 

= ■^tr[(a; + JquJq) A (a; Jq - JqOj)] 

= -tr[(5 + C) A Jf{B + C)\ 
= tr[(S + C) A J/(B + C)*]. 
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The sectional curvature of the metric ( , ) on 5"^" is constant, = — cu*^ A luK 
Then if is a ( , ) -orthogonal complex structure, we have 

tr(n Jo) + tr(a; A uJq) 

= Y: 2u'^-' a Jfu'^-' + + A Jfi^-i + ^')- 

For any X e TS"^", we have 

[tr((]Jo) + tr(a; A uJq)]{X, JfX) 
^-Y 2{[u'^-\X)r + [u;'^{X)r) 

-E \ic4_,+u^-'){x)f^-j:\(^:i-^){xr- 

Then 2-form tr(r2 Jq + t*-' A a; Jq) are non-degenerate everywhere and becomes a 
symplectic manifold, this contradict to the fact of ff^(S'^") = for n > 1. As the 
Riemannian curvature is continuous with the Riemannian metric, these shows there 
is a neighborhood of J{S'^'^) in J{S'^'^) such that there is no complex structure in 
this neighborhood. □ 
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